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1. Introduction
The notion of a weak base was introduced by Arhangel’skiıˇ [1] to study symmetrizable spaces. Gao [3] introduced weak
base g-functions by means of weak bases to study metrizability of a topological space. Weak base g-functions were called
CWC-maps and CWBC-maps in [6] and [10] respectively. In recent years, several metrization theorems were established in
the presence of weak base g-functions (see [2,3,7]). However, there is no effective approach to the proof of these metrization
theorems. In this paper, we shall present some criteria for the metrizability of a topological space in terms of weak base
g-functions with which we can make improvement of some results around metrizability of a topological space.
Throughout, a space means a topological space and the set of all positive integers is denoted by N while 〈xn〉 denotes a
sequence.
Deﬁnition 1.1. ([1]) A weak base for a space X is a collection B =⋃{Bx: x ∈ X} of subsets of X such that
(1) for each x ∈ X , x ∈⋂Bx and Bx is closed under ﬁnite intersections;
(2) a subset U of X is open if and only if for each x ∈ U there exists B ∈ Bx such that x ∈ B ⊂ U .
Deﬁnition 1.2. ([9]) A sequence {Gn}n∈N of covers of a space X is called a weak development for the space X if Gn+1 ≺ Gn
for all n ∈ N and {st(x,Gn): n ∈ N, x ∈ X} is a weak base for X . A space X that has a weak development is called a weak
developable space.
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(1) for every x ∈ X and n ∈N, x ∈ g(n + 1, x) ⊂ g(n, x);
(2) {g(n, x): n ∈ N, x ∈ X} is a weak base for X . That is, a subset U of X is open if and only if for each x ∈ U there exists
n ∈N such that g(n, x) ⊂ U .
A g-function for a space X is a map g :N× X → τ (τ denotes the topology on X ) such that for every x ∈ X and n ∈N,
x ∈ g(n, x) and g(n + 1, x) ⊂ g(n, x).
Let g be a weak base g-function (or a g-function) for X and k ∈ N. Deﬁne g1(n, x) = g(n, x) and gk+1(n, x) =⋃{gk(n, y): y ∈ g(n, x)}. It is easy to verify that gk+1(n, x) =⋃{g(n, y): y ∈ gk(n, x)} by induction on k.
Let k ∈N. Consider the following conditions imposed on a weak base g-function g for X .
(Sk) if yn → x and yn ∈ gk(n, xn) for all n ∈N, then xn → x.
(Sk) if yn → x and yn ∈ gk(n, xn) for all n ∈N, then xn → x.
(σk) if x ∈ gk+1(n, xn) for all n ∈N, then xn → x.
(σk) if x ∈ gk(n, yn) and yn ∈ g(n, xn) for all n ∈N, then xn → x.
(θk) if {x, xn} ⊂ gk(n, yn) and yn ∈ g(n, x) for all n ∈N, then xn → x.
(θk) if {x, xn} ⊂ gk(n, yn) and yn ∈ g(n, x) for all n ∈N, then xn → x.
(γk) if xn ∈ gk+1(n, x) for all n ∈N, then xn → x.
(Nk) For each A ⊂ X and n ∈N, A ⊂⋃{gk(n, x), x ∈ A}.
(Nk) For each A ⊂ X and n ∈N, A ⊂⋃{gk(n, x), x ∈ A}.
All spaces are assumed to be Hausdorff unless otherwise stated.
2. Criteria for metrizability
In this section, we shall present some criteria for the metrizability of a topological space in terms of weak base g-
functions. To begin, we need the following lemmas.
Lemma 2.1. ([9]) A space X is metrizable if and only if X has a weak development {Gn}n∈N such that {st2(x,Gn), n ∈ N, x ∈ X} is a
weak base for X.
The following lemma is due to Lin [8] and will be frequently used in the sequel. We give our proof here.
Lemma 2.2. ([8]) Let
⋃{Bx: x ∈ X} be a weak base for a space X. For each x ∈ X and B ∈ Bx, if 〈xn〉 converges to x, then 〈xn〉 is
eventually in B, i.e. {xn: n >m} ⊂ B for some m ∈N.
Proof. Suppose there exist B ∈ Bx and a sequence 〈xn〉 converging to x such that {xn: n > m} \ B 	= ∅ for all m ∈ N, then
there is a subsequence 〈xnk 〉 of 〈xn〉 such that {xnk : k ∈ N} ∩ B = ∅. Let A = {xnk : k ∈ N} ∪ {x}, then A is a closed set. We
show that A \ {x} is also closed which is a contradiction. For each y /∈ A \ {x}, (i) if y /∈ A, since A is closed, there is C ∈ By
such that C ∩ A \ {x} = ∅; (ii) if y = x, then B ∈ By and B ∩ (A \ {x}) = ∅. Thus A \ {x} is closed. 
Theorem 2.3. For a space X, the following are equivalent:
(1) X is metrizable;
(2) there is a weak base g-function g for X such that if yn → p and g(n, xn) ∩ g(n, yn) 	= ∅ for all n ∈ N, then p is a cluster point
of 〈xn〉;
(3) there is a weak base g-function g for X such that if yn ∈ g(n, p) and g(n, xn)∩ g(n, yn) 	= ∅ for all n ∈N, then p is a cluster point
of 〈xn〉;
(4) there is a weak base g-function g for X such that if g(n, p) ∩ g(n, yn) 	= ∅ and g(n, xn) ∩ g(n, yn) 	= ∅ for all n ∈ N, then p is a
cluster point of 〈xn〉;
(5) there is a weak base g-function g for X such that if g(n, p)∩ g(n, yn) 	= ∅ and xn ∈ g(n, yn) for all n ∈N, then p is a cluster point
of 〈xn〉;
(6) there is a weak base g-function g for X such that if p ∈ g(n, zn), g(n, zn)∩ g(n, yn) 	= ∅ and xn ∈ g(n, yn) for all n ∈N, then p is
a cluster point of 〈xn〉.
Proof. First, we note that in conditions (2), (3), (4), (5) and (6) it is equivalent to say that 〈xn〉 converges to p.
(1) ⇒ (2). Suppose that X is metrizable and put g(n, x) = B(x, 12n ) for each x ∈ X and n ∈ N. Then g is a weak base
g-function for X satisfying (2).
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sequence 〈p〉 converges to p and g(n, yn) ∩ g(n, p) 	= ∅ for all n ∈ N, it follows from (2) that yn → p and so p is a cluster
point of 〈xn〉 by virtue of (2).
(3) ⇒ (2). Let g be the function in (3) and suppose that yn → p and g(n, xn) ∩ g(n, yn) 	= ∅ for all n ∈ N. Then, by
Lemma 2.2, there is a subsequence 〈ynk 〉 of 〈yn〉 such that ynk ∈ g(k, p) for all k ∈ N. Since g(k, xnk ) ∩ g(k, ynk ) 	= ∅ for all
k ∈N, by (3), p is a cluster point of 〈xnk 〉 and thus of 〈xn〉.
(2) ⇒ (4). Let g satisfy condition (2) and suppose that zn ∈ g(n, p) ∩ g(n, yn) and g(n, xn) ∩ g(n, yn) 	= ∅ for all n ∈ N.
Since zn ∈ g(n, p), it follows from (2) that zn → p. Now g(n, yn)∩ g(n, zn) 	= ∅ for all n ∈N, so by (2), yn → p. Again, by (2)
and the fact that g(n, xn) ∩ g(n, yn) 	= ∅ for all n ∈N, p is a cluster point of 〈xn〉 as required.
(4) ⇒ (5). Obviously.
(5) ⇒ (6). Let g be the function in (5) and suppose that p ∈ g(n, zn), wn ∈ g(n, zn) ∩ g(n, yn) and xn ∈ g(n, yn) for
all n ∈ N. Since g(n, p) ∩ g(n, zn) 	= ∅ and wn ∈ g(n, zn) for all n ∈ N, it follows from (5) that wn → p. Let 〈wnk 〉 be a
subsequence of 〈wn〉 with wnk ∈ g(k, p) for all k ∈N. Then g(k, p)∩ g(k, ynk ) 	= ∅ and xnk ∈ g(k, ynk ) for all k ∈N. So by (5),
p is a cluster point of 〈xnk 〉 and thus of 〈xn〉.
(6) ⇒ (1). Let g be the function in (6). By letting Gn = {g(n, x), x ∈ X} for each n ∈ N, we get a sequence of covers
{Gn}n∈N of X with Gn+1 ≺ Gn for all n ∈N. We show that {st2(x,Gn), n ∈N, x ∈ X} is a weak base for X .
Assume that there is x ∈ X and an open neighborhood U of x such that st2(x,Gn) \ U 	= ∅ for all n ∈ N. Choose xn ∈
st2(x,Gn) \ U for each n ∈ N, then there exist yn, zn ∈ X such that x ∈ g(n, zn), g(n, zn) ∩ g(n, yn) 	= ∅ and xn ∈ g(n, yn) for
all n ∈N. Then x is a cluster point of 〈xn〉 by (6), a contradiction.
Suppose now for each x ∈ U there exists m ∈ N such that st2(x,Gm) ⊂ U , then g(m, x) ⊂ st2(x,Gm) ⊂ U . Therefore, U is
open.
It is clear that {Gn}n∈N is a weak development for X . Hence X is metrizable by Lemma 2.1. 
Example 2.4. ([12]) There exists a non-metrizable space X which has a weak base g-function g satisfying: if p ∈ g(n, yn)
and g(n, xn) ∩ g(n, yn) 	= ∅ for all n ∈N, then p is a cluster point of 〈xn〉.
Proof. Let X = {0} ∪ N ∪ (N× N). For each i,n ∈ N, let V (i,n) = {i} ∪ {(i,k) ∈ N× N: k  n}. Endow X with the following
topology: each point in N×N is isolated; basic neighborhood of each i ∈N is V (i,n), n ∈N; basic neighborhoods of 0 take
the form {0} ∪⋃i>k V (i,ni), where k,ni ∈ N. The space X is known as the Arens space and it is a non-metrizable regular
space.




{0} ∪ (N \ Fn), x = 0;
V (i,n), x = i  n;
W (n), x = i > n;
{x}, x ∈N×N.
It was shown in [12] that g is a weak base g-function for X which satisﬁes (S1) and (d) if {x, xn} ⊂ g(n, yn) for all n ∈ N,
then xn → x.
As a direct consequence, we can show that g has the desired property. 
Theorem 2.5. A space X is metrizable if and only if there is a weak base g-function g for X satisfying (γ1) and (S1).
Proof. Necessity is obvious.
For the converse, let g be a weak base g-function for X satisfying conditions (γ1) and (S1) and suppose that yn ∈ g(n, p)
and g(n, xn) ∩ g(n, yn) 	= ∅ for all n ∈ N. Choose zn ∈ g(n, xn) ∩ g(n, yn) for each n ∈ N. Then zn → p by (γ1). Since zn ∈
g(n, xn), it follows from (S1) that xn → p. Consequently, X is metrizable by Theorem 2.3(3). 
The referee reminded us that there is an alternate proof of the suﬃciency of Theorem 2.5. We sketch it as follows.
Proof of Theorem 2.5. Let g be a weak base g-function for X satisfying conditions (γ1) and (S1). Then g(n, x) is a neigh-
borhood of x for each x ∈ X and n ∈ N. Indeed, if we put V (n, x) = {y ∈ X: there is my ∈ N such that g(my, y) ⊂ g(n, x)},
then x ∈ V (n, x) ⊂ g(n, x) and by (γ1) and Lemma 2.2 V (n, x) is open for all x ∈ X and n ∈N.
Now let h(n, x) = intg(n, x) for each x ∈ X and n ∈ N, then h is a g-function for X satisfying (γ1) and (S1). Therefore, X
is metrizable by Theorem 3 in [13]. 
Note that Example 2.4 also shows that in Theorem 2.5 condition (γ1) cannot be replaced with the weaker condition (θ1).
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It is known that conditions (Nk) and (Nk) play important roles in the metrizability of a topological space [2,3,7]. In this
section, we shall use Theorem 2.3 to make improvements of some known results related to (Nk) and (Nk).
Let X be a metric space, by letting g(n, x) = B(x, 12n ) for each x ∈ X and n ∈ N, we get a weak base g-function g for X
which satisﬁes conditions (Sk) to (Nk) in Introduction. So the necessity of the following theorems is clear.
Li posed the following question in [7].
Question 3.1. Let k ∈ N. If there exists a weak base g-function g for a regular space X satisfying (N1) and the following
condition:
(ak) if p ∈ gk+1(n, xn) and xn ∈ gk+1(n, p) for all n ∈N, then xn → p,
is then X metrizable?
We shall give an aﬃrmative answer to the above question. Note that condition (ak) gets stronger as k becomes larger, so
it suﬃces to show that X is metrizable when (a1) and (N1) hold.
Theorem 3.2. A space X is metrizable if there exists a weak base g-function g for X satisfying (N1) and the following condition:
(a1) if p ∈ g2(n, xn) and xn ∈ g2(n, p) for all n ∈N, then xn → p.
Proof. Let g be a weak base g-function for X satisfying (N1) and (a1). For each x ∈ X and n ∈ N, put h(n, x) =
g(n, x) ∩ Un(x), where Un(x) = X \ {y ∈ X: x /∈ g(n, y)}. Then from (N1) it follows that x ∈ X \⋃{g(n, y): x /∈ g(n, y)} ⊂
X \ {y ∈ X: x /∈ g(n, y)} = Un(x) which implies that Un(x) is an open neighborhood of x for each x ∈ X and n ∈N. We shall
show that h is also a weak base g-function for X .
It is clear that h(n+1, x) ⊂ h(n, x) for all x ∈ X and n ∈N. Let U be an open neighborhood of x, then there is m ∈N such
that g(m, x) ⊂ U and so h(m, x) ⊂ g(m, x) ⊂ U . Now suppose that for each x ∈ U there exists n ∈ N such that h(n, x) ⊂ U .
Since Un(x) is an open neighborhood of x, there is m ∈ N such that g(m, x) ⊂ Un(x). Put k = max{n,m}, then g(k, x) =
g(m, x) ∩ g(n, x) ⊂ Un(x) ∩ g(n, x) = h(n, x) ⊂ U which implies that U is open. Hence h is a weak base g-function for X .
Note that h has the following property: if y ∈ h(n, x) then y ∈ g(n, x) and x ∈ g(n, y).
Now, suppose that zn ∈ h(n, p) ∩ h(n, yn) and xn ∈ h(n, yn) for all n ∈N. Then zn ∈ g(n, p), p ∈ g(n, zn), zn ∈ g(n, yn) and
yn ∈ g(n, zn) which shows that p ∈ g2(n, yn) and yn ∈ g2(n, p) for all n ∈N. It follows from (a1) that yn → p and then there
is a subsequence 〈ynk 〉 of 〈yn〉 such that ynk ∈ h(k, p) which follows that ynk ∈ g(k, p) and p ∈ g(k, ynk ) for all k ∈ N. Now,
since xnk ∈ h(k, ynk ), we have ynk ∈ g(k, xnk ) and xnk ∈ g(k, ynk ). Thus p ∈ g2(k, xnk ) and xnk ∈ g2(k, p) for all k ∈ N. Again,
by (a1), xnk → p and thus p is a cluster point of 〈xn〉. The metrizability of X now follows from Theorem 2.3(5). 
Lemma 3.3. ([4]) A space X is metrizable if and only if there is a g-function g for X satisfying the following two conditions:
(Nagata) if g(n, x) ∩ g(n, xn) 	= ∅ for all n ∈N then xn → x;
(developable) if {x, xn} ⊂ g(n, yn) for all n ∈N then xn → x.
The method used to prove the following theorem is due to Hodel [5].
Theorem 3.4. Let k ∈N. A space X is metrizable if and only if there is a weak base g-function g for X satisfying (σk) and (Nk).
Proof. Let g be a weak base g-function for X satisfying (Nk) and (σk). First, we note that X is Fréchet. Indeed, if x ∈ A, then
by (Nk), there is xn ∈ A such that x ∈ gk(n, xn) for each n ∈N and hence xn → x by (σk).
For each x ∈ X and n ∈ N, put h(n, x) = intg(n, x) \ {y ∈ X: x /∈ gk(n, y)}. Since X is Fréchet, x ∈ intg(n, x) [11] and from
(Nk) it follows that x ∈ X \ {y ∈ X: x /∈ gk(n, y)} for all x ∈ X and n ∈ N. Hence h is a g-function for X with the following
property: if y ∈ h(n, x) then y ∈ g(n, x) and x ∈ gk(n, y).
Now we show that h satisﬁes conditions (Nagata) and (developable) in Lemma 3.3. First, suppose that yn ∈ h(n, p) ∩
h(n, xn) for all n ∈ N, then p ∈ gk(n, yn) and yn ∈ g(n, xn) which implies that p ∈ gk+1(n, xn). Thus xn → p by (σk). Next,
suppose that {p, xn} ⊂ h(n, yn) for all n ∈ N. Then p ∈ g(n, yn) and yn ∈ gk(n, xn) which also implies that p ∈ gk+1(n, xn).
Thus xn → p by (σk). Consequently, X is metrizable by Lemma 3.3. 
Corollary 3.5. Let k ∈N. A space X is metrizable if and only if there is a weak base g-function g for X satisfying (S1) and (Nk).
Proof. By induction on k, it is easy to verify that if g satisﬁes (S1), then it also satisﬁes (σk) for each k ∈N. 
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Proposition 3.7. Let k ∈N, if a weak base g-function g for X satisﬁes (Nk), then the following are equivalent:
(a) g satisﬁes that for each x ∈ X and any open neighborhood U of x, there is m ∈N such that x /∈⋃{g(m, y): y ∈ X \ U };
(b) g satisﬁes (Sk);
(c) g satisﬁes (σk).
Proof. (a) ⇒ (b) was proved in [2].
(b) ⇒ (c) is trivial.
(c) ⇒ (a). Suppose that g satisﬁes (σk) and (Nk). For each x ∈ X and n ∈ N, put Un(x) = X \ {y ∈ X: x /∈ gk(n, yn)}. Then
Un(x) is an open neighborhood of x for each x ∈ X and n ∈N by (Nk). Suppose there is x ∈ X and an open neighborhood U
of x such that x ∈⋃{g(n, y): y ∈ X \ U } for all n ∈ N, then there exists yn ∈ Un(x) ∩⋃{g(n, y): y ∈ X \ U } for each n ∈ N.
Thus x ∈ gk(n, yn) and there is xn ∈ X \U such that yn ∈ g(n, xn) for all n ∈N. Now by (σk), xn → x which is a contradiction.
Therefore (a) holds. 
The following lemma is due to Chen and Jiang [2]. We give a short proof here.
Lemma 3.8. ([2]) Let k ∈N. A space X is metrizable if and only if there is a weak base g-function g for X satisfying (Sk) and (Nk).
Proof. Suppose that g satisﬁes (Sk) and (Nk). For each x ∈ X and n ∈ N, put h(n, x) = g(n, x) \ {y ∈ X: x /∈ gk(n, y)}. With
the similar argument as that in the proof of Theorem 3.2 we can show that h is a weak base g-function for X with the
following property: if y ∈ h(n, x) then y ∈ g(n, x) and x ∈ gk(n, y).
Now suppose that zn ∈ h(n, p) ∩ h(n, yn) and xn ∈ h(n, yn) for all n ∈ N. Then p ∈ gk(n, zn) and thus zn → p by (Sk).
Since zn ∈ h(n, yn), we have zn ∈ g(n, yn) ⊂ gk(n, yn). Then it follows from (Sk) that yn → p. Now xn ∈ h(n, yn) implies that
yn ∈ gk(n, xn) and thus xn → p by virtue of (Sk). Therefore, X is metrizable by (5) of Theorem 2.3. 
Corollary 3.9. Let k ∈N. A space X is metrizable if and only if there is a weak base g-function g for X satisfying (σk) and (Nk).
Proof. Follows directly from Proposition 3.7 and Lemma 3.8. 
As for a Fréchet space, we have the following result which can be compared with Corollary 3.5.
Theorem 3.10. Let X be a Fréchet space and k ∈ N, then X is metrizable if there is a weak base g-function g for X satisfying (S1)
and (Nk).
Proof. Let g satisfy (S1), then it satisﬁes (Sk) for each k ∈N.
Claim. If a weak base g-function g for a Fréchet space X satisﬁes (Sk), then it also satisﬁes: if x ∈ gk(n, xn) for all n ∈N, then xn → x.
Proof. Suppose that x ∈ gk(n, xn) for all n ∈N. Since X is Fréchet, there exists a sequence {ynm: m ∈N} ⊂ gk(n, xn) such that
ynm → x for each n ∈N. Choose ynmn ∈ g(n, x) with mn <mn+1 for each n ∈N. Clearly ynmn → x and since ynmn ∈ gk(n, xn), we
have xn → x by (Sk). 
Suppose now x ∈ gk(n, yn) and yn ∈ g(n, xn) for all n ∈N. It follows from the above claim that yn → x and hence xn → x
by (S1). This shows that g satisﬁes (σk) and thus X is metrizable by Corollary 3.9. 
Theorem 3.11. Let k ∈N. A space X is metrizable if and only if there is a weak base g-function g for X satisfying (θk) and (Nk).
Proof. For each x ∈ X and n ∈ N, put h(n, x) = g(n, x) \ {y ∈ X: x /∈ gk(n, y)}. Then h is a weak base g-function for X with
the following property: if y ∈ h(n, x) then y ∈ g(n, x) and x ∈ gk(n, y).
Now suppose that yn ∈ h(n, p) and zn ∈ h(n, xn) ∩ h(n, yn) for all n ∈ N. Then {p, zn} ⊂ gk(n, yn) and yn ∈ g(n, p) for all
n ∈N. By (θk), zn → p and then there is a subsequence 〈zni 〉 of 〈zn〉 such that zni ∈ h(i, p) for all i ∈N. Thus zni ∈ g(i, p) and
p ∈ gk(i, zni ). Since zni ∈ h(i, xni ), it follows that xni ∈ gk(i, zni ). Again, by (θk), xni → p and thus p is a cluster point of 〈xn〉.
Consequently, X is metrizable by (3) of Theorem 2.3. 
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Proof. Follows directly from Theorem 3.11. 
Corollary 3.13. ([7]) Let k ∈ N. A space X is metrizable if and only if there is a weak base g-function g for X satisfying (Nk) and the
following condition:
(γ ′1) if xn ∈ g(n, yn) for all n ∈N and yn → x, then xn → x.
Proof. By induction on k, it is easy to show that for each k ∈N, (γ ′1) implies (γ ′k ): if xn ∈ gk(n, yn) for all n ∈N and yn → p,
then xn → p. And it is clear that for each k ∈N, (γ ′k ) implies (θk). 
Theorem 3.14. Let k ∈N. A space X is metrizable if and only if there is a weak base g-function g for X satisfying (Nk) and the following
condition:
(θk) if {p, xn} ⊂ gk(n, yn) and yn ∈ g(n, p) for all n ∈N, then xn → p.
Proof. Similar to the proof of Theorem 3.11. 
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